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Abstract 

We study the optimal stopping problem for dynamic risk measures represented 
by Backward Stochastic Differential Equations (BSDEs) with jumps and its relation 
with reflected BSDEs (RBSDEs). We first provide general existence, uniqueness and 
comparison theorems for RBSDEs with jumps in the case of a RCLL adapted obstacle. 
We then show that the value function of the optimal stopping problem is characterized 
as the solution of an RBSDE. The existence of an optimal stopping time is obtained 
when the obstacle is left-upper semi-continuous along stopping times. Finally, robust 
optimal stopping problems related to the case with model ambiguity are investigated. 
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1 Introduction 



In this paper we study optimal stopping problems for dynamic risk measures pt represented 
by Backward Stochastic Differential Equations (BSDEs) with jumps. The properties of 
these risk measures have been studied recently in [20]. The optimal stopping problem can be 
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formulated as follows: given a dynamic financial position ^, represented by an RCLL adapted 
process, we want to determine a stopping time r which minimizes the risk of the position 
£ T , and compute the corresponding value. To this purpose, we study the links between this 
optimal stopping problem and reflected BSDEs (RBSDEs) with jumps. RBSDEs have been 
introduced by N. El Karoui et al. (1997 ) (see [7]) in the case of a Brownian filtration. 
The solutions of such equations are constrained to be greater than given processes called 
obstacles. We provide here existence and uniqueness results for RBSDEs with jumps, as well 
as comparison and strict comparison theorems, when the obstacle is RCLL. This completes 
some results in Hamadene, Ouknine and Issaky [T2"| [T51 19"]. 

We prove that the value function of our optimal stopping problem is the solution of an 
RBSDE with obstacle given by the dynamic position £ t - We provide an optimality criterium, 
that is a characterization of optimal stopping times. In the case when the obstacle is left- 
upper semi-continuous along stopping times, we show the existence of an optimal stopping 
time. In the case of a general RCLL obstacle, we prove the existence of er-stopping times. 
Related studies can be found in El Karoui and Quenez [SJ, Bayraktar and coauthors in pQ 
and [2] in the Brownian case. 

We then address the optimal stopping problem when there is ambiguity on the risk 
measure. To this purpose, we study the following optimal control problem for RBSDEs: 
Let {f a ,a G A} be a family of Lipschitz drivers and let {Y a ,a G A} be the solutions of 
the RBSDEs associated with drivers {/"} and obstacle The problem is to minimize Y a 
over a. Under appropriate hypotheses, the value function is characterized as the solution 
Y of an RBSDE. We then focus on the robust optimal stopping problem for risk measures: 
we consider the family of risk measures {pf,ot G A} induced by the BSDEs associated 
with drivers {f a ,ct G A}. In this ambiguity framework, the risk measure is defined as 
the supremum over a of the risk measures p a . Given the dynamic position £ t , we want 
to determine a stopping time r* which minimizes over all stopping times r the risk of the 
position £ T . This leads to a mixed control/ optimal stopping game problem. We show that, 
under some hypothesis, the value function is equal to Y. We then study the existence of 
saddle points. 

The paper is organized as follows. In Section [21 we state the notation and give the 
formulation of our optimal stopping problem for risk measures. In Section [31 we provide 
existence and uniqueness results for RBSDEs with jumps and RCLL obstacle. Relations 
between optimal stopping problems and RBSDEs are given in Section HJ In Section we 
provide comparison theorems for RBSDEs with jumps and optimization principles. The 
robust optimal stopping problem for risk measures when there is ambiguity on the risk 
measure is addressed in Section |6j An application to a case of multiple priors is presented 
in Section [3 

2 Formulation of the problem 

Notation. Let V be the predictable cr-algebra on [0,T] x Q. 
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For each T > and p > 1, we use the following notation: 

• L p (J r T ) is the set of random variables £ which are Tt- measurable and p-integrable. 

• M P,T is the set of real-valued predictable processes (j) such that 



p — E 



o 



< oo. 



For P > and <fi G M 2 ' T , we introduce the norm ||0||^ T := E[J^ e^ s (f) 2 ds}. 

• L p is the set of Borelian functions £ : R* — > R such that J R „ \£(u)\ p v(du) < +oo. 
The set L 2 is a Hilbert space equipped with the scalar product 

(5, £) u := [ 5{u)£{u)v{du) for all 5, £ G L 2 x L 2 , 
Jr.* 

and the norm \\£\\l := J* R „ |^(u)| 2 i/(du) < +oo. 

• i?/P' T is the set of processes I which are predictable, that is, measurable 

I : ([0,T] xUx R*, P <g> £(R*)) ->■ (R , #(R)); (w, *, u) ^ ^(w, u) 
such that 



< oo. 



For f3 > and / G ifr 2 ' T , we set p||2^ T ;= E [ J? e ^ s \\l s \\l ds]. 

• S P,T is the set of real-valued RCLL adapted processes (f> such that 

U\\ P SP :=E( sup |^n<oo. 

0<t<T 

When T is fixed and there is no ambiguity, we denote M p instead of M P,T , JH P instead 
of M p /, S p instead of S P > T . 

• % denotes the set of stopping times r such that r G [0, T] a.s. 

• For S in %, Ts is the set of stopping times r such that S <r <T a.s. 

Definition 2.1 (Driver, Lipschitz driver) A function f is said to be a driver if 

• / :[0,T]xflxR 2 xL^R 

(u, t, x, 7r, £(■)) !->■ /(w, £, x, 7r, £(•)) zs "P ® i3(R 2 ) ® B(L 2 U )- measurable, 

• f (.,0,0,0) EH 2 . 

A driver f is called a Lipschitz driver if moreover there exists a constant C > such that 
dP (g> dt-a.s. , for each (x\, tx\,£i), (x 2 , tt 2 ,£ 2 ), 

\f(uj,t,Xi,Tl 1 ,£i) - f(u,t,X 2 ,Tl 2 ,£ 2 )\ < C(\xi - X 2 \ + \-Kl - 7T 2 | + \\£l - £ 2 \\v). 



Existence and uniqueness result for BSDEs with jumps. (Tang and Li ,1994 [22J) 
Let T > 0. For each Lipschitz driver /, and each terminal condition £ G L 2 (J-"t), there exists 
a unique solution (X, 7r, Z) G 5 2 ' t x M 2,t x i?/ 2 ' T satisfying 

-rfX t = /(t,^-,7r t ,Z t (-))^-vr t «- / l t (u)N(dt,du); X T = £. (2.1) {er} 

Jr.* 

This solution is denoted by (X(£, T), 7r(£, T), Z(£, T)). 

This result can be extended if the terminal time T is replaced by a stopping time S G 
75- Let (X(£,£),7r(£,S), !(£,£)) (denoted here by (X,tt,Z)) be the solution of the BSDE 
associated with driver /, terminal time S and terminal condition £ G L 2 (J-s). The solution 
can be extended on the whole interval [0, T] by setting X t = £, 7r t = 0, l t = for t > S. 
So, ((X t , 7r t , Z 4 ); £ < T) is the unique solution of the BSDE with driver f(t, x, %, Z)l{t<s> and 
terminal conditions (T, £). 

We refer to [31 EI] and to [20] where some results are used in this paper. 

Dynamic risk measures induced by BSDEs with jumps. Let T' > be a time 
horizon. Let / be a Lipschitz driver such that /(■, 0,0,0) G N 2,T ' . We define the following 
functional: for each T G [0, T'\ and £ G L 2 (J-'t), set 

p/(£,T) = p t (£,T):=-X t (£,T), 0<t<T. (2.2) {definition 

where X t (£,T) denotes the solution of the BSDE (12. ip with driver /, terminal condition £ 
and terminal time T. If T represents a given maturity and £ a financial position at time T, 
then pt(£, T) will be interpreted as the risk of £ at time t. The functional p : (£, T) p.(£, T) 
defines then a dynamic risk measure induced by the BSDE with driver /. Properties of such 
dynamic risk measures are given in [20] . 



Optimal stopping problem. The aim of this paper is to study optimal stopping for 
dynamic risk measures. Let T > be the terminal time. Let < t < T} be a RCLL 
adapted process on [0, T], belonging to S 2 , representing a dynamic financial position. 

Consider the following optimal stopping problem: For each stopping time S G %, let 
v(S) be the J-5-measurable random variable (unique for the equality in the almost sure 
sense) defined by 

v(S) := ess inf P<?(£ t ,t). (2.3) 

Since by definition ps(£ T , r ) = — Xs(£ T , r), we have that for each stopping time S G To, 

v(S) = ess inf — Xs(£, t ,t) = —ess sup X s (£ t ,t). (2.4) {vvv} 

reT s re r s 

The aim is to characterize for each S G T~s the minimal risk-measure v(S) and to provide an 
existence result of an S'-optimal stopping time r* G 7s, that is such that v(S) = Ps(£t*,t*) 
a.s. This problem is related to reflected BSDEs. We give below existence and uniqueness 
results for these equations. 
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3 RBSDEs with jumps and RCLL obstacle process 



Reflected BSDEs (RBSDEs) have been introduced by N. El Karoui et al. (1997 ) (see [7]). 
The solution of such equations are constrained to be greater than a given process called 
the obstacle. In this section, we provide existence and uniqueness results for RBSDEs with 
jumps, in the case when the obstacle is RCLL, which complete some results in [T2l [TBI |9]. 

Let T > be a fixed terminal time and / be a Lipschitz driver. Let £. be a process called 
obstacle in S 2 . 

Definition 3.1 A process (Y, Z, k(.), A) is said to be a solution of the reflected BSDE asso- 
ciated with driver f and obstacle £ if 

(Y, Z, k(.),A) G S 2 x M 2 x Hi x S 2 

-dY t = f{t,Y t ,Z t ,k t {-))dt + dA t - Z t dW t - I k t (u)N{dt,du); Y T = £ T , (3.5) {RBSDE} 
Yt>&, 0<t<T a.s., 

A is a nondecreasing RCLL predictable process with A = and such that 




(Y t - £ t )dA c t = a.s. and AAj = -AY t l Yt _=^ t _ a.s. 



Here A c denotes the continuous part of A and A d its discontinuous part. 
We introduce the following definition. 

Definition 3.1 A progressive process ((fit) is said to be left-upper semicontinuous along 
stopping times if for all r G 7q and for each non decreasing sequence of stopping times (r„) 
such that r n "I r a.s. , 

r > lim sup (/> Tn a.s. (3.6) {use} 

Remark 3.2 Note that in this definition, no condition is required at a totally unaccessible 
stopping time. In our framework, since the filtration is generated by W and N , this means 
that no condition is required at the jump times of N. 



3.1 The case when the driver / does not depend on y,z,k. 

Proposition 3.1 Suppose that f does not depend on y,z,k, that is f(u,t,y,z,k(-)) = 
f(u,t), where f is in M 2 := M 2,T . Then, RBSDE (13. 5p admits a unique solution (Y, Z, k(.), A) G 
S 2 x H 2 xM 2 x S 2 and for each S G %, 

Y s = ess sup E[£ T + [ f(t)dt\J : s ] a.s. (3.7) 

Moreover if is left-upper semicontinuous along stopping times, then A t is continuous. 
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Proof. For each S G 7o, we introduce the following random variable 

Y(S) := ess sup E% + f f(t)dt | J c s \- (3.8) 

By classical results of optimal control theory, there exists a RCLL adapted process denoted 
by (Y t ) such that for each S G 7q, Y(S') = Yg a.s. The process (Yt + f* f(s)ds) is a 
supermartingale. By the Doob-Meyer decomposition, it can be uniquely written as 

d¥ t = -f(t)dt - dA t + dM t , 

where M is a square-integrable martingale and A is a nondecreasing RCLL predictable 
process with E(A\) < oo and Aq = 0. Furthermore, by the theorem of representation [22J, 
there exist unique processes Z in M 2 and k in M 2 such that 

dM t = Z t dW t + [ k t (u)N(dt,du). 

The process A can be uniquely decomposed as dA t = dA c t + dAf. By Proposition B.ll 
in [U] (or [6]), we have J^(Y t - £ t )dA c t = a.s. and AAf = -AY t l Y _ =i _ a.s. Hence, 
(Y, Z, /c(), A) is a solution of the RBSDE associated with driver f(t) and obstacle 

In the particular case when is left-upper semicontinuous over stopping times, by 
Proposition 2.11 in [H] (see also [6]), the supermartingale v t := Y t + f Q f(s)ds is then 
left-continuous over stopping times in expectation, that is, for all r G 7o and for each non 
decreasing sequence of stopping times (r n ) such that r n t t a.s., lim^oo -B[v r „] = -E^t]- 
Consequently, by Lem. B.8 in [14J (or Th. 10, Chap. VII in [5]), the nondecreasing process 
A is continuous. 

We will now show that conversely, if (Y, Z, k(-), A) is a solution of the RBSDE associated 
with driver f(t) and obstacle (£ t ), then, for each S G %, Y$ = Y(S) a.s. 

To simplify, suppose that / = 0. The following proof can be easily generalized to the 
case where / =fi 0. Suppose that (Y, Z, fc(.), A) is a solution of the reflected BSDE associated 
with driver / = and obstacle For each t, let 

M t :=Y + / / / k s (u)N(ds,du). 

JO JO </R* 

Note that M is a square integrable martingale. We have 

dY t = dM t - l{Y t =t t }dA c t - dA d t - Y T = fr, (3.9) 

with AAf = —AY t lY t _=£ t _ a.s. Since Y > £, it clearly follows that for each stopping time 
S G 7o and for each r G 7s, 

Y 5 = E[Y T | JT 5 ] _ E[A T - A s | J- 5 ] > E[£ T \ F s ] a.s. 

Hence, by taking the supremum over r G 7s, we have 

Y 5 > ess sup E[£ T | = F(5) a.s. (3.10) 

reT s 
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It remains to show the converse inequality. 

Let us first consider the simpler case where (£t) is left-upper semicontinuous over stopping 
times and A is continuous, that is A = A c . For each S £ 7o, consider 

r* := inf{t > S, Y t = t t }. 

Note that £ 7s- Since Y and £ are right-continuous processes, we have Yr* = £ r * a.s. By 
definition of r|, for almost every w, for each t £ [^(a;), r^(a;)[, we have Y t (u) > £t(w). Hence, 
since Y is solution of the RBSDE, for almost every u, the nondecreasing function t A t (u) 
is constant on [S(u}),Tg(u)[. The continuity of A implies that t i-> A t (u;) is constant on 
^(cj), r^a;)]. This clearly leads to the following equality: 

Y s = E[&* | JF 8 \ a.s. 

This with inequality (13. 10|) gives the desired equality Ys = Y(S) a.s. 

We now consider the case where (£ 4 ) is only supposed to be a RCLL process. For each 
S £ 7o and for each e > 0, let 

rj :=inf{t>S, Y t < & + e}. 

Note that r| £ Ts- Fix e > 0. For a.e. ui, if t £ [#(0;), r|(w)[, then 3^ (a/) > £ f (a;) + 5 
and hence lt(w) > £t(w). It follows that for a.e. u, the function t i— >• is constant on 

[^(w), t|(o;)] and £ !->■ Af{u) is constant on rf(u;)[. Also, Y( r |)- > £(rf) _ + 5 a - s - Since 

e > 0, it follows that Y( T g)- > £( r §)- a - s - j which implies that Ai^ = a.s. The process 
(It) is thus a martingale on [S, t§]. Furthermore, by the right-continuity of (£t) and (Y t ), 
we clearly have 

Y r j < Cr| + ^ a.S. 

It follows that 

Y 5 = £[Y r| I JF S ] < £[£ r| I ? s \ + e < ess sup £[£ T | J^] + e a.s. (3.11) 

rer s 

Hence, Ys < Y(S) + £ a»s. for each e > 0, which implies that Ys < Y(S') a.s. This, with 
inequality ( 13. 10p . ensures the desired equality Ys = Y(S) a.s. □ 



3.2 The case of a general Lipschitz driver 

Theorem 3.3 Suppose that f is a Lipschitz driver with Lipschitz constant C . Then, RB- 
SDE / Iff. 5\) admits a unique solution (Y, Z, k(.),A) £ S 2 x M 2 x Ml x S 2 . Moreover if (£ t ) 
is left-upper semicontinuous over stopping times, then A t is continuous. 

Proof. We denote by Ml the space M 2 x M 2 x M 2 equipped with the norm || Y, Z, k(-) ||| : = 
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We define a mapping $ from M 2 into itself as follows. Given (U, V, I) G JH^, let (Y, Z, k) = 
$(£/, V, I) be the the solution of the RBSDE associated with driver f(s) = f(s, U s , V s , l s ). Let 
A be the associated nondecreasing process. The mapping $ is well defined by Proposition 
13.11 By using some a priori estimates (see Proposition IA.5j) . $ can be shown to be a 
contraction from M 2 ^ into itself. It thus admits an unique fixed point, which corresponds to 
the solution of RBSDE (13. 5p . For details, see the Appendix. □ 



4 Relations between optimal stopping problems and 
RBSDEs 

In the following, we make the following assumption on the driver / which ensures the 
monotonicity property of the associated risk measure p (see [20J). 
Let T > 0. 



Assumption 4.1 A driver f is said to satisfy Assumption 4-1 if the following holds: 
dP <g> dt-a.s for each (x, ir, h, l 2 ) G [0, T] x ft x R 2 x (L 2 ) 2 , 

f{t, X, 7T, h) ~ f{t, X, 7T, / 2 ) > {^' hM , /i - Z 2 )i„ 

6 : [0, T] x n x M 2 x (L 2 ) 2 h-> L 2 ; (cj, t, x, vr, ^, / 2 ) ^ Q x t ^ hh (u, .) 
P ® i3(R 2 ) ® B ((Li) 2 ) -measurable, bounded, and satisfying dP ® dt <E> dv(u)-a.s. , for each 

(x^MM) eR 2 x(Ll) 2 , 

9 x t M \u) > -1 and |^'' r ' ,1 ' ,a (u)|<V(«) > (4.12) {condi} 

where if) G L 2 . 

4.1 Characterization of the value function as the solution of an 
RBSDE 

We relate the optimal stopping problem (12. 4p to reflected BSDEs. We first show that the 
value function v coincides with — Y, where Y is the solution of the reflected BSDE associated 
with driver / and obstacle £. 

Theorem 4.1 (Characterization) Let T > be the terminal time. Let (£t,0 < t < T) 
be a RCLL adapted process on [0,T], belonging to S 2 . Suppose that (Y,Z,k(-),A) is the 
solution of the reflected BSDE Ii3.5\) . Then, for each stopping time S G %, we have 

Y s = ess sup Xs(£ t ,t) a.s. (4-13) {prixam} 

reT s 

where on the interval [S,t], the process (X s (t,^ t ),tt s (t,^ t ),I s (t,^ t )) satisfies the BSDE 

-dX s = f(s,X s ,7r s , l s )ds -7r s dW s - / l s (u)N(ds,du); X T = £ tT . 

Jit* 



8 



Proof. 

We first show that Y$ > X$(t, £ r ), for each r G 7o- Fix r G 7o- In the interval [5, r], 
the process (Y, Z, &(•), A) satisfies : 

-dr s = f(s, Y s , Z s , k s )ds + dA s - Z s dW s - / k s (u)N(ds, du); Y T = Y T . 

Jr.* 

In other words, the process (Y s , Z s , k s ; S < s < r) is the solution of the BSDE associated 
with terminal time r, terminal condition Y T and (generalized) driver 

f(s,y,z,k)ds + dA s . 

Since f(s, y, z, k)ds + dA s > f(s, y, z, k)ds and since Y T > £ T a.s. , the comparison theorem 
for BSDEs (see Theorem 4.2 in [2D]) gives that 

Y s >X s (Zt,t) a.s. 
By taking the supremum over r G 7s, we derive that 

Ys > ess sup Xs(£ T , t) a.s. (4-14) {prixame} 

reT s 

It remains to show the converse inequality. 
For each S G % and for each e > 0, let r| be the stopping time defined by 

r| := inf{t > S, Y t <£ t + e}. (4.15) {thetalambd 

We first show two useful lemmas. 

Lemma 4.2 • We have 

Yge s < £ 6 e + e a.s. 

• The process (Y t , S < t < 9 £ s ) is the solution of the BSDE associated with terminal time 
9 e s , terminal condition Yge and driver f , that is 

Y t = X t {Y e%1 9 s ) S<t<9% a.s. 

Proof. The first point follows from the definition of 9 £ s and the right- continuity of 
and (Y t ). Let us show the second point. Note that 9% G 7s . Fix e > 0. For a.e. u, 
if t G [S(u),9 s (u)[, then Y t (u) > £t(u;) + e and hence Y t (u) > £t(u>)- It follows that for 
a.e. u, the function t i— >■ A£(u;) is constant on [^(w), #§(w)] and t ^(w) is constant on 
[S(oj),9 s (oj)[. Also, > £(0f)~ + £ a - s - Since e > 0, it follows that Y^gey > £(6>|)- a - s -> 

which implies that A.Ag e = a.s. □ 

Lemma 4.3 Set (5 := 3C 2 + 2C ; where C is the Lipschitz constant of f . 
For each e > and each S G To, we have 

Y s < X s (U,9 s ) + e^e a.s. (4.16) {fifi} 
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Proof. By Lemma T4.2I and by the comparison theorem for BSDEs, we derive that for each 

£ > 0, 

Y s = X s (Xe % ,e e s )<X s (^ 8 + e,d e s ) a.s. (4.17) {fi} 

Now, by the a priori estimates on BSDEs (see Proposition A. 4 [20]), we have 

\Xs(tie % + e, 9 e s ) - X s (& % , 9 £ s )\ 2 < e^^e 2 a.s. 



This with inequality (I4.17P leads to inequality ( I4.16p . which ends the proof of Lemma 
□ 

End of the proof of Theorem 14.11 

By Lemma [4.31 we have for each e > 0, 

Y s < X s (ie%,0 £ s ) + e^e < ess sup X 5 (£ r , r) + e^e a.s. (4.18) {etoile} 

reT s 

It follows that 

Y s < ess sup Xg(£ T , t) a.s., 
reT s 

and, since we have already shown the converse inequality, this inequality is an equality. □ 

Remark 4-4 By inequality (14 .161) . the stopping time 9 e s is an e' '-optimal stopping time for 
the optimal stopping time problem ( 14. 131) with e' = e~e. 

Note also that the above result does not require any concavity assumption on the driver, 
contrary to FT]/ and JM/. 

4.2 Optimal stopping times 

We now provide an optimality criterium for the optimal stopping time problem ( 14 . 1 3 j) . 

Proposition 4.2 (Optimality criterium.) Let S £ % and let f £ Ts- Suppose that in 
Assumption \4 . 1\ for each I £ C? v , we have 

Of*'**' 1 ' 1 * > -1, dt®dP-z.s. (4.19) {assu} 

where (X T , n T , l T ) := (X(£f, f), 7r(^f, f ), , ?)) is the solution of the BSDE associated with 

The stopping time f is S -optimal, i.e. 

Y s = esssnpX s ^ T ,T) = X s {^,f) a.s. (4.20) {uni} 

reTs 

if and only if 

Y s = X a (£f, f), S <s <i a .s. (4.21) {deuxi} 

In other words, f is S -optimal if and only if (Y s , S < s < f) is the solution of the non 
reflected BSDE associated with terminal time f and terminal condition 
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Proof. It is clear that (I4.2ip =>- (I4.20p . Note that this implication does not require 
condition f H~T9j) . It remains to prove that (fl~20|) =^ fl4T21]) . 
Suppose that f is an S-optimal stopping time. 

The process (Y s , Z s , k s ; S < s < f) is the solution of the BSDE associated with terminal 
time f , terminal condition Yf and (generalized) driver 

f(s,y, z, k)ds + dA s . 

We have f(s, y, z, k)ds + dA s > f(s, y, z, k)ds, Yf > a.s. as well as equality ( I4.20p . Using 
Assumption (I4.19P and applying the strict comparison theorem for BSDEs (see [20], Th 4.4), 
we get the desired result. 

□ 

Remark 4-5 In the particular case when the driver f does not depend on (y,z), this gives 
the well-known optimality criterium of the Optimal Stopping Theory: a stopping time f is 
S -optimal if and only if (Y s + J Q S f(r)dr), S < s < f) is a martingale with Y^ = £f a.s. 

We now show that, under a left regularity condition on the obstacle, rf tends to an S- 
optimal stopping time for Problem (14.131) as e tends to , and we provide some additional 
properties. 

Theorem 4.6 Suppose (£ t ) is left-upper semi- continuous along stopping times. Let S G %. 

(i) The stopping time fs defined by 

f s :=limtrf 

is an S-optimal stopping time. 

(ii) the stopping time t$ defined by 

t$ := inf{w > S; Y u = £ u } 
is an S-optimal stopping time and we have 

Y s = X s (£ T *,Ts), S < s <Tg a .s. 

We also have t$ > fs a.s. 

(Hi) Suppose moreover that in Assumption ^ . 1\ for all x, %, 1%, I2, we have 

e ^,l u h > _ l dt®dP- a.s. (4.22) {hypsup} 

Then, r s = f s a.s. and r s is the minimal S-optimal stopping time. 



11 



Proof. 

(i) By letting e tend to in inequality (I4.18p . we get 

Y s <lim sup X s (& tI). (4.23) {lamb} 

For each u such that the map e i— > t s (u) from — > [0,T] is constant for e sufficiently 
small, we have 

lim£ T| (u;) = ffsH- 

e\.0 ° 

Moreover, since the process is left-limited, for almost every u such that for each e > 0, 
rf (o>) < fg(a;), we have 

lim&iu) = f f -(w). 

Hence, for almost every a;, lim^Q ^ r |(o;) does exist. 

The continuity property of BSDEs with respect to terminal conditions (see Prop. A6 in 
[2D]), implies 

limX s (U,T £ s ) = X s (limU,T S ) a.s. (4.24) {lamb2} 

e4.o * e4-0 * 

Now, by the left-upper semicontinuity property of the obstacle along stopping times, we 
have 

lim£ T e < £ f a.s. 

£4.0 s 

By the comparison theorem, it follows that 

X s (lim £,* , f s ) < X s (£,f s , f s ) • 

£^0 

Hence, by (14.231) and (I4.24p . we get Ys < X s (£,f s ,f s ) a.s. By using the characterization of 
Y s as the value function of the optimal stopping time problem (14.131) . we get 

Y s = X s (& s ,fs) a.s. (4.25) 

Thus, fs is an S'-optimal stopping time. 

(ii) The right continuity of (Y t ) and (£ t ) ensures that Y T * = £ T * a.s. By definition of t£, 
we have that almost surely on [S, r|[, the process (Y t ) is strictly greater than the obstacle (£ t ) 
and hence the process A is constant on [S, Tg[ and even on [S, r|] because A is continuous (see 
Theorem 13.31) . We derive that (Y s , S < s < Tg) is the solution of the BSDE associated with 
terminal time t s , terminal condition £ T * and driver /, that is, Y s = X s (£ T *,Tg), S < s < r s 
a.s. Hence, t s is an S'-optimal stopping time. 

Furthermore, for each e > , rj < t s a.s. By letting e tend to 0, we get f$ < Tg. a.s. 

(hi) Let f be an S-optimal stopping time. By the strict comparison theorem for non 
reflected BSDEs (or Proposition 14.21) . we have Y? = £f a.s. Hence, by definition of r|, we 
have f > t s a.s. Thus, f$ > a.s. , which, with the other inequality, yields that fs = t s 
a.s. We also have proven that Tg is the minimal S-optimal stopping time. □ 

Remark 4-7 Consider the case of a Brownian filtration and a continuous obstacle (&). The 
second assertion of the above theorem concerning the optimality ofr s , corresponds to Theo- 
rem 5.9 in El Karoui and Quenez (1996). 
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5 Comparison theorems for RBSDEs with jumps and 
optimization problems 



5.1 Comparison theorems for RBSDEs with jumps 

We now state a comparison theorem for RBSDEs with jumps. 

Theorem 5.1 (Comparison theorem for RBSDEs.) Let £ , £ 2 be two obstacle pro- 
cesses in S 2 . Let f 1 and f 2 be Lipschitz drivers. Suppose that f 1 satisfies Assumption (14. ip . 
Suppose that 

• e t <e t ,®<t<T a. s . 

• f 2 (t, y, z, k) < f l {t, y, z, k), for all (y, z, k) 6 R 2 x C 2 V ; dP ® dt — a.s. 

Let (Y\ Z\ k\ A 1 ) be the solution of the RBSDE associated with (£*, f),i = 1, 2. Then, 

Y t 2 <Y t \ VtG [0,T] a.s. 

Proof. We give here a simple proof based on the characterization of solutions of RBSDEs 
(Theorem 14. ip and on the comparison theorem for non reflected BSDEs. Let t e [0, T]. For 
each r G T t , let us denote by X l (£*,r) the unique solution of the BSDE associated with 
(r, /*) for i — 1, 2. By the comparison theorem for BSDEs with jumps |20j . the following 
inequality 

X 2 {£,T)<Xl{e T ,T) a.s. 

holds for each r in %. Hence, by taking the essential supremum over r in % and using 
Theorem I4.1[ we get 

Y 2 = ess sup X 2 t {& t) < ess sup X}(£, r) = Y t l a.s. 
reTt reTt 

□ 



Remark 5.1 The result still holds when f 2 satisfies Assumption (14.11) instead of f 1 . 

We now provide a strict comparison theorem. The first assertion addresses the particular 
case when the obstacle is left-upper semicontinuous along stopping times and the second one 
deals with the general case. 

Theorem 5.2 (Strict comparison.) Suppose that the assumptions of the comparison the- 
orem (Th. \5.1\) hold and that the driver f l satisfies Assumption ^ . 1\ with 

ff*,*Juh > _ 1 dt®dP-&.s. (5.26) {hypsupbis} 

Let S in % and suppose that Yg = Y| a.s. 
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1. Suppose that £ x and £ 2 are left-upper semicontinuous along stopping times. Let t* = 
t* s := inf{s > S; Y* = £}, i = 1, 2. Then, 

Y? = Y?, S <t<T*AT% a.s. 

and 

f 2 (t, Y 2 , Zl k 2 t ) = f(t, Y 2 , Z 2 tl k 2 ) S<t<r*Ar;, dP®dt- a.s. (5.27) {autre} 
Moreover if ^ = £ 2 a.s., then t* = r| a.s. and Y^i = Y 2 » = a.s 

2. Consider the general case where £ x and £ 2 are not supposed to be left-upper semicon- 
tinuous along stopping times. For e > 0, define 

rt := inf {t > S, Yj < Q + e} and f< := lim t if % = 1, 2. 
Then, for each e > 0, 

Y t l = Y 2 , S <t< r{ A rf. a.s. (5.28) {unoss} 

Moreover, 

f 2 (t, Y 2 , Z 2 , k 2 t ) = f\t, Y 2 , Z 2 , k 2 ) S<t< h Af 2 , dP®dt- a.s. 
and if £ = £ 2 a.s., tnen /or each e > 0, rf = rf a.s. ana 1 fi = tV 

Proof. Suppose that £ x and £ 2 are left-upper semicontinuous along stopping times. By 
the existence theorem (see Theorem 14.61) . r* is optimal for Problem (14.131) with f = f 1 , 
£ = that is 

Vi = ess sup r) = XK&.tJ 1 ) a.s 

rer s 

where X 1 (£^*,r 1 *) denotes the solution of the BSDE associated with terminal time r*, ter- 
minal condition and driver J 1 . Furthermore, by Theorem I4.6[ we have 

= S<t< T * a.s. 

Moreover r| is optimal for Problem (14. 13j) with / = f 2 , £ = £ 2 , that is, 

F| = ess sup X 2 S (C, r) = X 2 (^,t*), 

where X 2 (£ 2 *,T2) denotes the solution of the BSDE associated with terminal time rf, ter- 
minal condition £ 2 * and driver f 2 . 
Also, Y~ t 2 = X 2 (£ 2 , 2 , t*) S <t<r* a.s. Hence 

Y} = X}(Y t \ At ,,t* A r*), and if = X?(Y* AlJ) 7? A r|), 5 < t < r* A r* a.s. 
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Since f 1 > f 2 and £ > £ 2 , the comparison theorem for RBSDEs (Th. 15.11) yields that 
y^'Ar* — ^r*Ar* a - s - By hypothesis, Yg = Yg. Now, Assumption f!5.26j) allows us to apply 
the strict comparison theorem for non reflected BSDEs with jumps (see [20] Th 4.4) for 
terminal time rj* A r 2 *. Hence, we get F/ = Y t 2 , S <t < r* A r 2 * a.s. , and equality (I5.27p . 
which provides the desired result. 

Suppose now that £* = £ 2 = £ a.s. Then, using F 2 < F 1 , we get r 2 < r* a.s. Since 
we have already shown that FA = F 2 * a.s., and since F 2 „ = £ r * a.s. Hence F 1 * = £ r * and 
r* < r 2 * a.s. It follows that r* = r 2 * a.s. 

Let us now consider the general case where the obstacles are not supposed to be left- 
upper semicontinuous along stopping times. 
Let e > 0. By a property of rf (see Lemma [4. 2p . we have 

Y^XHY^rt), S<t<rf a.s. 

Similarly, Y t 2 = X 2 (F r |, rf ), S* < t < rf a.s. By the same arguments as above with r* and 
r 2 replaced by t{ and rf respectively, we derive the desired result. 

Suppose now that £} = £ 2 = £ a.s. Since F 2 < F 1 , we have rf < rf a.s. Moreover by 
inequality Lemma [4.21 and Assumption ([5.28]) . we have 

£ Tl + e>Y T ]=Y T \ a.s. 

Consequently, rf > rf a.s. Since we have already shown the converse inequality, we have 
rf = rf a.s. 

□ 

5.2 Optimization problems for RBSDEs 

We use the following setup: Let £ in S 2 and let (/, f a ; a G A) be a family of Lipschitz 
drivers satisfying Assumption (14. ip . In (14. ip . the coefficient associated with f a (resp. /), is 
denoted by 9 a < x < n ' L (resp. 9 X ' T ' 1 ). 

We denote by (F, Z, k) the solution of the RBSDE associated to obstacle and driver /, 
and by (Y a , Z a , k a ) the solution of the RBSDE associated with obstacle (£t) and driver f a . 
Also, for each r G % and £ G L 2 (Jv), we denote by (A(C, r), 7r(£, t), /(£, r)) the solution of 
the BSDE associated with driver /, terminal conditions £, r, and by (X a (£, r), 7r a (£, r), / a (C, r)) 
the solution of the BSDE associated with driver f a and terminal conditions (, r. 

From the comparison theorem, we derive a first optimization principle for RBSDEs which 
generalizes the result established by El Karoui and Quenez in [8] to the case of jumps. 

Proposition 5.3 (Optimization principle for RBSDEs I) Suppose that 

1. For each a G A, f(t,y, z,k) < f a {t,y, z,k), for all (y , z , k) G R 2 x £ 2 ; dt®dP — a.s. 
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2. There exists a G A such that 

f(t,Y t , Z t ,h) = essinf f a (t,Y t , Z t ,k t ) = f(t,Y t , Z t ,k t ), < t < T, dt <g> dP - a.s. 

a 

(5.29) {existalp} 

Then, for each S G 7o, 

y 5 = ess inf = if a.s. (5.30) 

a 

Proof. For each a, since Condition 1. is satisfied and, since f a satisfies Assumption 14. 1[ 
the comparison theorem for RBSDEs yields (see Theorem 15. ip that Y < Y a . It follows that 
for each S G To, 

Ys < essinf Yg a.s. 

a 

Now, by condition 2. , Y is a solution of the RBSDE associated with f a . By uniqueness of 
the solution of this RBSDE, we have Y = Y a , which leads to equality (I5.30p . □ 



Remark 5.3 This Proposition still holds if f does not satisfy Assumption (14. ip . 

Proposition 5.4 (Optimization principle for RBSDEs II) Suppose that the drivers f a , 
a G A satisfy f < f a and are equi-Lipschitz with constant C . 
Suppose moreover that for each rj > , there exists a' n G A such that 

f(t,Y t ,Z t ,k t )> f a \t,Y t ,Z t ,k t )-r], 0<t<T,dP®dt-&.s. (5.31) {epl} 

Then, for each S G %, we have 

y 5 = essinfy 5 a a.s. (5.32) {q} 

a 

Proof. Since / < f a , we have Y < Y a a.s. for each a £ A. It follows that for each S 
G 7o, we have Yg < ess inf a Yg a.s. Since Assumption (I5.3ip holds, by using estimation 
(IA.59j) . with rj = ^2 and (3 = 3C 2 + 2C, we derive that there exists a constant K > 0, which 
depends only on C and T, such that, for each rj > and for each S G 7o, 

Y s + Kr]> Yf > ess inf Yg a.s. 

a 

Equality (l5\32l thus follows. □ 

By using the strict comparison theorem for reflected BSDEs (see Theorem I5.2p . we 
provide some necessary and sufficient conditions of optimality at a given time S G 7o- 

Theorem 5.2 (Optimality criteria for RBSDEs.) Suppose that for each a G A, f < 
f a . Let at G A, and suppose that in Assumption \4-l\ the coefficient 9a corresponding to 
driver f a satisfies a ^ x ^' 1 > — 1 ; for each x, n, I. 
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1. Suppose that the obstacle £ is left-upper semicontinuous along stopping times. Define 
for each S in %, 

r*:=mf{t>S, Y t = i t }. 
The parameter a is S-optimal (i.e. ess inf a Yg = Yg) if and only if 

Y°* = £ r * a.s. ; f(t, Y t , Z t , k t ) = f(t, Y t , Z t , k t ), S<t< r*, dP <g> dt - a.s. (5.33) 

2. Consider the general case when the obstacle is not supposed to be left-upper semicon- 
tinuous along stopping times. Define for each e > 0, and each S G To, the stopping 
time rj := inf{£ > S, Y t <£ t + e}. 

A parameter a is S-optimal (i.e. essinf a Yg = Yg ) if and only if for each e > 0, 
Y* <& s +e a.s. ; f(t, Y t , Z t , k t ) = f(t, Y t , Z u k t ),S<t< r|, dP <g> dt - a.s.(5.34) 

Also, in both cases, Yg = ess mf a Yg = Yg a.s. 

Remark 5.4 Note that in the first assertion, even if the assumption # Q > x > 7r ' i > —1 is not 
satisfied, (15.331) implies that a is S-optimal. The same holds for assertion 2. 

Proof. 1. Suppose that a is ^-optimal. Note that, since Y < Y a , it follows that Tg < Tg'* 
where Tg'* := inf{£ > S, Y t a = £ t }. By the first strict comparison theorem for RBSDEs 
(Theorem El 1.) applied to f 1 = ^ 2 = ^, f 1 = f, f 2 = / a , Y l =Y,Y 2 = Y«, we derive 
that equalities (15.331) hold. 

It remains to show the converse. Suppose that equalities (I5.33P hold. Then, by the 
optimality of Tg for Yg, we have 

Y t = X t m,r* s ), S<t<T* s , a.s. 

This with equality (15.331) and the uniqueness result for BSDEs leads to 

Y t = X t (^T* s ) = X?(Z T *,T*g) = X? (F T |, t* s ), S<t<r s , a.s. , 

Moreover, according to the previous equalities, X^(Y°*,Tg) — Y t > £ t , S < t < Tg a.s. By 
the uniqueness result for RBSDEs, it follows that 

Y t = X*&*,'T$)=Y* i S<t<T* s , a.s. 

By taking t — S, we get Yg = ess info, Yg = Yg a.s. , which ends the proof of the first 
assertion. 

2. Suppose that a is ^-optimal. Let 

r|' e :=mi{t>S, Y t & <£ t + e}. 

Since Y < Y a , it follows that for each e > 0, we have r| < Tg' £ a.s. By the second 
strict comparison theorem for RBSDEs (Theorem 15.21 2.) applied to = £ 2 = £, f l = f, 
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p = / s , Y 1 = Y,Y 2 = r, we derive that F T | = Y T§ < £ T| + e a.s. and f(t, Y t , Z t , k t ) = 
f a (t,Y tl Z tl k t ), S <t<r§, dP®dt-a.s. 

It remains to show the converse. Suppose that equalities (15.341) hold. Note first that 
since / < f a , we clearly have Yg < Yg a.s. 

Let us now show that Yg > Yg a.s. By a property of r| (see Lemma [4.21) . we have 

F t = X t (F r| ,r|), S<t<rf, a.s., 

Hence, using equality (I5.34p . we derive that 

Y t = X t (Y Tl ,rl) = Xf(Y Tl ,rl), S<t<r s , a.s.. 

By the comparison theorem for non reflected BSDEs and the inequality Y T e > £ r g a.s. , we 
have 

Y t = X? (Y T e, rf) > X*(fr s ,T* s ), S<t<rl, a.s. 
Now, by the a priori estimates (see [20]), we have 

Y s > Xim,T E g) > X§{& s + e , rf ) - ee^ a.s. 

with /3 = 3C 2 + 2C, where C is the Lipschistz constant of f a . Since by assumption, 
£ r j + e > a.s. , the comparison theorem for non reflected BSDEs yields that 

Y s + ee^>Xl(t; T e+s,Tl)>X§(Y« s ,Tl) a.s. 

Since Y < Y a , we have r| < t^' £ a.s. (actually equality holds). Now, by Lemma 14.21 
the non decreasing process associated with Y a is constant on [S, Tg ,e ] and hence on [S, rf]. 
Thus, {Y t a , S < t < Tg) is the solution of the non reflected BSDE associated with driver f a , 
terminal time r|, and terminal condition Y^S. We thus get 

Xf(Y T |,Tf) = Y# a.s. 

Consequently, for each e > 0, we have Yg + ee~ > Yg a.s. , and hence, Yg > Yg a.s. We 
thus have Yg = Yg a.s. , which provides the desired result. □ 



6 Robust optimal stopping problem 

We now consider the optimal stopping problem when there is ambiguity on the risk-measure 
modeling. Let {f a ,a G ^4} be a given family of Lipschitz drivers satisfying Assumption 
(14.ip . For each a G A, let p a be the risk measure induced by the BSDE with driver f a , 
defined as follows: for each terminal time r G 7o and position £ G L 2 (J-" r ), set 

p?(C,r):=-A7(C,r), < t < T, 
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where X® (£, r) denotes the solution of the BSDE associated with driver f a , terminal condi- 
tion ( and terminal time r. We consider an agent who is averse to ambiguity, and we define 
her risk measure of position £, at each time S in 7o with S < r a.s. , as the supremum over 
a of the associated risk-measures Ps(C r ) that is, 

ess sup Ps(C, t) = ess sup — r). 

Let (£ t ) be a dynamic position, given by an RCLL adapted process in <S 2 . At time 5 G 
7o, the agent wants to choose a stopping time r G 7s which minimizes her risk measure. At 
time 5", her value function is defined as 

w(S') := ess inf ess sup p^(^ T , r). (6.35) {2problem} 

This leads to the following game problem. 
Let S G 7o- Define the first va/tte function at time S as 

y(S') := ess inf ess sup Xg(£ T ,r), (6.36) {vdessous} 

and the second value function at time S as 

V(S) := ess sup ess inf Xg(^ T ,r). (6.37) {vdessus} 

Note that V(S) = -u(S) a.s. 

By definition, we say that there exists a value function at time S for the game problem if 
V(S) = V(S) a.s. 

We introduce the definition of an S'-saddle point: 

Definition 6.2 Let S G 7o- A pair (f,6c) £ Ts x A is called a S'-saddle point if 

• V(S) = V{S) a.s., 

• the essential infimum in W. 36]) is attained at a, 



• the essential supremum in (fff.57| ) is attained at f. 

By classical results, for each S G To, (t, a) is a S -saddle point if and only if for each (r, a) 
eT s x A, 

XI(&,t) < X$(&,t)< X£(&,t) a.S. (6.38) {classiquep 

Note that for each S G To, the inequality V(S) < V_(S) a.s. clearly holds. We want to 
determine when the equality holds, characterize the value function, and address the question 
of existence of a S'-saddle point. 
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Remark 6.1 If (f, a) is an S -saddle point, then f and a attain respectively the infimum and 
the supremum in V(S) that is, 



V{S) = ess sup essinf X£(f T ,r) = essinf X%(&, f) = Xf(&,f). 

Hence, f is an optimal stopping time for the agent who wants to minimize over stopping 
times her risk-measure at time S in the case of ambiguity (see f!6.35|) ). Also, since a attains 
the essential infimum in h6. 36]) . p a can be interpreted as the "worst" risk measure. 

We will now relate the game problem to an optimization problem for RBSDEs. 
Let (Y a , Z a , k a ) be the solution of the RBSDE with obstacle and driver f a . For each 
r E To and £ G L 2 (J>), let (X a ((, r), vr Q (C, r), l a {(, r)) be the solution of the BSDE with 
driver f a and terminal conditions (C? r )- 

By the characterization of RBSDEs (see Theorem 14.11) . for each S G To, we have 
Yg = esssup re7 ^, Xg(£ T , r) a.s. It follows that 

V{S) = ess inf Y« a .s. (6.39) 

By using the previous results on RBSDEs, we provide the following theorem, which holds 
for a general adapted RCLL obstacle process 

Let / be a Lipschitz driver satisfying Assumption ( 14. ip . Let (Y,Z,k) be the solution 
of the RBSDE with obstacle (£t) and driver /. For each r 6 To and £ G L 2 (Jv), let 
(X(C, r), 7r(£, t), /(C, r)) be the solution of the BSDE with driver / and terminal conditions 
(C,r). 

Theorem 6.3 (Verification theorem I) Suppose that the drivers f a , a G A satisfy f < 
f a and are equi- Lipschitz with constant C . Suppose that there exists a such that 

f{t, Y t , Z t , k t ) = ess inf f a (t, Y t , Z t , k t ) = f{t, Y t , Z t , k t ),0<t<T, dt®dP- a.s. (6.40) {existalpte 

Then, there exists a value function, which is characterized as the solution of the RBSDE 
with obstacle (£ t ) and driver f , that is, for each S G To, we have 

Y s = V(S) = V{S) a.s. 

This theorem can be seen as a verification theorem in the following sense: if we are given a 
driver / satisfying some appropriate conditions, the solution of the RBSDE with driver / 
coincides with the value function of the game problem. 

Proof. Let S G To- Let us prove that V_(S) < V(S) a.s. By assumption (I6.40p and the 
optimization principle for RBSDEs (see Theorem 15. 3p . we have: 

V(S) = ess inf Y« = Kf = Y s a.s. (6.41) {equs} 
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Let e > 0. By a property of r| (see Lemma I4.2p . we have 

Y t = X t (Y Tl „rl),S<t<r £ s , a.s. 

If (X t ,irt,k) denotes the solution of the BSDE associated with driver / and terminal con- 
ditions (y^Tl), we thus have (Y t ,Z t ,kt) = (X t ,irt,k) for S < t < r| a.s. This with 
Assumption ( I6.40p ensures that 

f(t,X t ,rc t ,l t ) = ess inf f a (t,X t ,n t ,l t ) = r(t,X t ,7T t ,l t ),S <t<rl, dt®dP-a.s. (6.42) {ff} 

Hence, the first optimization principle for non reflected BSDEs (see |20j) can be applied. It 
follows that 

X s (Y T s, To) = essinf Xc(l^-|, r|) a.s. (6.43) {optimum} 

s a s 

Using the comparison theorem for non reflected BSDEs and the inequality Y T e < £ T j + e 
a.s. , it follows that 

y 5 = essinfX£(y r| ,Tf) <essinfX|(e r | + £,r|). (6.44) {y S } 

By the a priori estimates for non reflected BSDEs with jumps (see [20]), for each e > and 
for each a G A, we have 

X£(£ T !+£,Tf)<X|(£ r| ,Tf) + £ e^ a.s., 

with /? = 3C 2 + 2C, where the constant C is equal to the Lipschitz constant common to 
all the drivers f a , a G A. By taking the essential infimum over a, we derive that for each 
e > 0, 

0T — 0T 

essinfX£(£ r| + e,r|) < essinf X|(^ tS , r|) + eeV < V (S) + ee~ a.s. , 
where the last inequality follows from the fact that 

V(S) = ess sup ess inf X^(£ T , r) a.s. 
reT s a 

Using (JS31, we get Y s < V{S) + ee V a.s. Since ]/(5) = F 5 a.s. (see (EUD), it follows 
that for each e > 0, we have 

HS) = is < V(S) + ee— a.s. 

Hence, V(S) = Y S < V(S) a.s. Since V(S) < V(S) a.s. , it follows that V(S) = Y S = V(S) 
a.s. The proof is thus complete. □ 
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Remark 6.2 Suppose that for each a in A, f < f a and the drivers f a are equi-Lipschitz. 
Let S in %. Assume there exists a such that for each e > 0, 

Y% < £ r § +£a.s. and f{t, Y t , Z t , k t ) = / a (t, Y t , Z t , k t ),S<t< rf , dP ® dt - a.s. (6.45) 

Then, we have 

Y S = V(S) = V(S). 

Note that (I6.45P is weaker than (I6.40p . This result follows from the second optimality cri- 
terium (see Theorem \5.2\ 2.) and the same arguments as above. 

We stress on that the above theorem holds without making the left-upper semicontinuity 
hypothesis on £ along stopping times and hence, it may be that there does not exist any 
optimal stopping time for Ys = esssup rGTs Xs(£ T , t) and that there does not exist any 
S'-saddle point. 

We now show the following verification theorem, which holds under weaker hypotheses. 

Theorem 6.4 (Verification Theorem II) Suppose that for each a G A, f < f a . Suppose 
that for each 77 > ; there exists a v G A such that 

f(t,Y t ,Z t ,k t )> f a \t,Y t ,Z t ,k t )- V , 0<t<T,dP®dt-a.s. (6.46) {epsilon} 

Then, for each S G 7o ; the equality Ys = V_(S) = V(S) holds a.s. 

Proof. By Theorem 15.41 we already know that Ys = essinf Q Y§ = V_(S) a.s. 
Since / < f aV , we have Ys < Y^ a.s. 

For each e > 0, by a property of r| (see Lemma 14.21) . we have 

(Xt,Z t ,k t ) = (X t ,ir t ,l t ) S<t<r s , a.s.. 

By assumption (16.461) . we have 

f(t,X t ,<jr t ,l t ) > f aV (t,X u TT t ,r] t ) -r], S <t<r £ s , dP®dt-a.s. (6.47) {epsilonb} 

and this holds for each rj > 0. By the second optimization principle for non reflected BSDE 
(see [20], Theorem 4.6), we have 

Ys = X s = X s (Y T e rl) = essinf X^Y^tI) a.s. 

The end of the proof is the same as that of Theorem 16. 31 □ 

From the above theorems, we derive a saddle point criterium. 

Corollary 6.1 Suppose that the assumptions of Theorem \6.3\ or Theorem \6.J\ are satisfied. 
Let S G 7o- For each stopping time f G Ts and for each a G A, the pair (f, a) is an S -saddle 
point if and only if f is an optimal stopping time for Ys = ess sup rg7 - s Xs(£, T , t) and a is 
optimal for Ys = ess inf ag _4 Yg. 
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Proof. By Theorem 16.31 or T6.4[ we have V(S) = V_(S) = Y$ a.s. The result follows from 
the definition of an iS-saddle point (see Definition 16. 2j) . □ 

The following existence result clearly follows. 

Corollary 6.2 Suppose that the assumptions of Theorem \ 6.3\ hold and that the obstacle £ 
is left-upper semicontinuous along stopping times. Let r$ := inf{w > S; Y u — £ u }. 
Then, for each S G 7o, (t|, a) is an S-saddle point. 

Remark 6.3 This corollary generalizes a similar result of JE/ obtained in the case of a Brow- 
nian framework and a continuous obstacle. 

By Theorem 15.21 and Remark I5.4[ we get the following existence result which holds under 
a weaker hypothesis. 



Corollary 6.3 Suppose that the assumptions of Theorem 6.4 are satisfied and that the ob- 
stacle £ is left-upper semicontinuous along stopping times. Let S in %■ Suppose that there 
exists a such that 

Y*. = £ r| a .s. and f(t, Y t , Z t , k t ) = f*(t, Y t , Z t , k t ), S <t< r*, dP <g> dt - a.s. (6.48) {cribis} 
Then, (Tg,a) is an S-saddle point. 



7 Application to the case of multiple priors 

We now apply these results to an optimal stopping problem for dynamic risk-measures in the 
case of multiple priors. Let A be a Polish space (or a Borelian subset of a Polish space) and 
let A the set of A-valued predictable processes a. With each coefficient a G A, is associated 
a model via a probability measure Q a called prior as well as a dynamic risk measure p a . 
More precisely, for each a G A, let Z a be the solution of the SDE: 

dZ? = Z« (p\t, a t )dW t + j (3 2 (t, a t , u)dN(dt, du)^j ; Z* = l, 

where /3 1 : (t,co, a) (-)■ /3 1 (t, u, a), is a "P(g>£>(y4)-measurable function defined on [0,T]xQx A 
and valued in [-C,C], with C > 0, and /3 2 : (t,u,a,u) 1— >■ /3 2 (t, u, a, u) is a V®B(A)®B(R*)- 
measurable function defined on [0, T] x Q x A x R* which satisfies dt (g> dP <S> du(u)-a..s. 

f3 2 (t,a,u) >C X and \/3 2 (t, a, u)\ < i/j(u), (7.49) {roy} 

with C\ > — 1 and tp is a bounded function G L v v for all p > 1. Hence, Z^ > a.s. and, by 
Proposition Al in [20], Z% G IS^t) for all p > 1. 

For each a & A, let Q a be the probability measure equivalent to P which admits 
as density with respect to P on Tt- By Girsanov's theorem, the process : = 
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Wt — fi 1 {s,a s )ds is a Brownian motion under Q a and N is a Poisson random mea- 
sure independant from W a under Q a with compensated process N a (dt,du) = N(dt,du) — 
(3 2 (t, a t , u)u(du)dt. 

For each control a, the associated dynamic risk measure is induced by a BSDE under Q a 
and driven by W a and N a , which makes sense since we have a Q - martingale representation 
property (see Lemma 5.7 in [20]). We introduce a function 

F : [0, T] x Q x R x L 2 V x A -> R ; (£, w, tt, £, a) ^ F(t, w, tt, a) which is P®i3(R) <g> ® 
i3(A)-measurable. Suppose F is uniformly Lipschitz with respect to (n,£), continuous with 
respect to a, and such that esssup Q€j4 |F(-, t, 0, 0, 0, a)\ G H P > T , for each p > 2. Suppose 
also that 

F(t, tt, Z ls a) - 7T, l 2 , a) > ( T ?' h ' h ' a , l x - l 2 ) u , (7.50) {rrr} 

for some adapted process Tf' ll ' 2 ' a (-) satisfying \t^' 11 ' 2,a (u)\ < ^(u), where vp is bounded and 
in LP, for all p > 1, and r"'' 1 '' 2 '" > -1 - Ci. 

For each the associated driver is given by 

F(t,u,ir,£,a t (uj)). (7.51) {baralpha} 

Note that these drivers are equi-Lipschitz. For each a G A, let p a be the dynamic risk- 
measure induced by the BSDE associated with F(., a t ) and driven by W a and N a . 
More precisely, for each r G % and £ G L P (F T ) with p > 2, there exists a unique solution 
(X a , 7r a , Z a ) in Six Hlx H 2 av of the Q°-BSDE 

- dX? = F(t,7r?,l?,a t )dt-ir?dW t a - [ l?(u)N a (dt,du); X? = £ (7.52) {bsdel} 

driven by and iV a . The dynamic risk-measure p a (C, r) of position £ is thus well defined 
by 

/o«(C,r):=-X«(C,r), < t < r, (7.53) {labelroa} 

with X a (£,r) = X a . Assumption f)7.50p yields the monotonicity property of p a . 

The agent is supposed to be averse to ambiguity. Her dynamic risk measure is given, for 
each r G 7s and ( G L P (F T ), p > 2, by 

esssuppg(Cr) = -ess inf X|(C,r). (7.54) {ambi} 

at each stopping time S G 7o- 

The financial dynamic position is given here by a RCLL predictable process (£t) which 
belongs to 5 P . At fixed time S <E %, the agent wants to choose a stopping time in Ts so that 
it minimizes (I7.54p . which leads to the following mixed control/optimal stopping problem: 



u(S) := ess inf ess sup Ps(Ct, T ) = —ess sup ess inf Xg(t; T , r), 
which corresponds to that studied in Section ??. 
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Theorem 7.5 Let (Y,Z,k) be the solution of the RBSDE associated with obstacle (£t) and 
Lispchitz driver f, defined for each (t,u,n,£) by 

f(t,u),v,£) := wf{F(t,U3,TC,£,a) + (3\t, u, a)n + ((3 2 (t, u, a), £) u }. (7.55) {d} 

For each S G %, we have 

Y s = V(S) = V(S) a.s. 

Proof. In order to prove this result, we will express the problem in terms of BSDEs and 
RBSDEs under probability P and then apply Theorem 16.41 

Fix now r G To and ( 6 L P (F T ) with p > 2. Since (X a , n a , l a ) is the solution of BSDE 
fl7.52p . it clearly satisfies the following P-BSDE driven by W and N 

- dX? = f a (t,n?,l?)dt - ■nfdWt - [ l?{u)N{dt,du); X? = (, (7.56) {bsde2} 

where the driver is given by 

f a {t, vr, i) := F{t, 7T, £, at) + ^(t, a t )n + (/? 2 (t, a t ),£) v . (7.57) {barrebis} 

The process (X a } ir a } l a ) is the solution of P-BSDE (17351) in S 2 x M 2 x M 2 (see the proof 
of Theorem 5.9 in [20]). Moreover, for each a, f a satisfies Assumption 14.11 an d /> defined 
by (17.551) . is a Lipschitz driver (see [20]). 

By the definition of / (see (17.551) ) and f a (see (17.571) ). we get that for each a G A, f < f a . 

Also, for each r\ > and each (£, co, n, I) G Q x [0, T] x R x L 2 , there exists a v <E A such 
that 

/(t, w, vr, £) + > F(t, cu, tt, £, a") + /^(t, w, a")vr + (/3 2 (t, w, «"),£),. 

By the section theorem of [1], for each rj > 0, there exists an ^4- valued predictable process 
(a^ ) such that /(t, Z t , k t ) + rj > f aV (t, Z t , k t ), dP £g> rft-a.s. Consequently, by Theorem I6.4[ 
the result follows. □ 



Corollary 7.4 Suppose A is compact and F , /3 1 and j3 2 are continuous with respect to a. 
Suppose that the position (£ t ) is left-use along stopping times. Then, there exists a £ A such 
that 

f(t, Y t , Z t , k t ) = ess inf f a (t, Y t , Z t , k t ) = f(t, Y t , Z t , k t ), < t < T, dt®dP- a.s. (7.58) {exist2} 

Also, for each S G %, the pair (t|, a) is an S-saddle point, where Tg = mi{u > S; Y u — t; u }. 

This result still holds in the case when A, instead of being compact, is a bounded, convex 
and closed subset of a separable Filbert space, and if F, (3 1 and 1 are convex and lower 
semicontinuous with respect to a. 
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Proof. Since A is compact and that F, /3 1 and /3 2 are continuous with respect to a, the 
section theorem of jl] provides the existence of a £ A such that ( I7.58P is satisfied. By 
Corollary 16. 3[ (tJ,ck) is thus an ^-saddle point. 

Let us now consider the second case. By convex analysis arguments, one can show the 
existence of a G A satisfying equality ( I7.58P (for details, see the proof of Theorem 5.2 in 
[20]). The result follows. □ 



Example. Suppose that L 2 V is separable and that A is a Borelian of the Hilbert space 
RxL^ such that A C [-K, K] x T, where 

T :={</? G V, C[ < <p(u) and \<p(u)\ < ip{u) v{du) a.s. }, 

with C[ > —1 and ip is bounded and in for all p > 1. For each process a := (a 1 , a 2 ) 
G A, the prior Q a is defined as the probability measure which admits Z% as density with 
respect to P, Z a being the solution of 

dZ? = Z« \ a]dW t + j a 2 (u)dN(dt,du)^J ; Z Q = 1. 

Theorem 17.51 and Corollary 17.41 then hold. 

Remark 7.1 In the case when F(t,u,Tr,£,a t (u)) is linear with respect to tt and I, the above 
problem is related to that studied in ^ (in the Brownian case). 



A Appendix 

Proposition A. 5 Let T > and let ( 6 5 2 . Let f 1 be a Lipschitz driver with Lipschitz 
constant C and let f 2 be a driver. For i = 1,2, let (Y l , Z l , k % , A 1 ) be a solution of the 
RBSDE associated to terminal time T, driver f l and obstacle For s in [0, T], denote 
Y s := Y}-Y^ Z s := Z]-Z 2 , k s := k\-k 2 s , and Rs) := f\s,Y?, Z 2 ,k 2 ) - f 2 (s,Y 2 , Z 2 ,k 2 ). 
Let r], [3 > be such that (3 > - + 2C. If t] < then, for each t G [0, T], we have 



e^Y 2 < riE[J eP* f \s) 2 ds \ F t ) a.s. and (A.59) {A26} 



\Y 



\l<Tv\\f\\% 



(A.60) 



Also, if i] < -^2, we then have 



< 



V 



r]C 2 



(A.61) {AA28} 
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Proof. From Ito's formula applied to the semimartingale e l3s Y s between t and T, it follows 
that 



e^Y t 2 + f3l e^ s Y s 2 ds+ I e ps Z z s ds+j e ps \\k s \\lds 



T 



2 J e ps Y s (f\sX,ZlK) - f\sX,ZiX))ds 

-2 / e 0s Y s Z s dW s -2 / e* 33 / Y s -k s (u)dN(du,dt) 
Jt Jt Jr 

T pT 

e ps Y s -dA\-2 / eP'Y B -dA 2 a (A.62) {russ} 

Jt 



Now, we have a.s. 

Y s dAY = (n 1 - C s )^ >c - (XI - QdAY = ~(Y 2 - QdA 1 / < 
and by symmetry, Y s dA 2 '° > a.s. Also, we have a.s. 

Y s -AA]' d = (Y s \ - £ s -)AAl> d - (Y s l - t-)AA 1 / = -{Y 2 . - £ S -)AA 1 / < 



and Y s -AA 2,d > a.s. Consequently, the two last terms of the r.h.s. of (1A.62j) are non 
positive. Moreover, 

l/ 1 ^, i; 1 , ^i, *i) - z 2 ^, i?, ^, < i/ 1 ^, n 1 , ^i, - Z 1 ^, + l/.l 

<C\Y s \ + (C\Z s \ + C\\h\\u + \f s \). 
Now, for all real numbers y, z, k, f and e > 

2y[Cz + Ck + f) < 4 + e 2 {Cz + Ck + f) 2 < 4 + 3e 2 {C 2 y 2 + C 2 k 2 + f 2 ). Hence, we get 



T pT 

P I e" s Y 2 ds + / e Ps (Z 2 + \\k s \\l)ds \ T t 



< E 
+ 3e 2 E 



(2C + ^) j\^Y 2 ds + 3C 2 e 2 J\^ S (Z 2 + \\k s \\ 2 u )ds \ 7 t 



(A.63) {eq2a} 



Let us make the change of variable rj = 3e 2 . Then, for each f3,rj > chosen as in the 
theorem, these inequalities lead to ( IA.59j) . We obtain the first inequality of (1A.60j) by 
integrating (1A.59j) . Then f ]A.61j) follows from inequality (1A.63|) . □ 



Remark A.l By classical results on the norms of semimartingales, one similarly shows that 
11^ lis 2 < K\\ f\\ m 2 , where K is a positive constant only depending on T and C . 
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Proof of Theorem 13.31 Using the previous a priori estimates, we show that the map- 
ping $ is a contraction from Up into Up. Given (U,V,l) G Up, let (Y,Z,k) := $(U,V,l), 
that is, the solution of the RBSDE associated with driver process fl := f(s,U a ,V s ,l B ) 
(which does not depend on the solution). Let (V, V, k') be another element of Up and let 
(Y', Z',k') := $([/', V, /'), that is, the solution of the RBSDE associated with driver process 
f 2 s := f(s,U' s X,Q- 

Set U = U - U', V = V - V, I = I - V, Y = Y - Y', Z = Z - Z' k = k - k'. Let 
A/. := f(-,U,V,l) - f(-,U',V',l'). Using estimates flX60|) and flXBTj) with rj < ^ and 



Lipschitz constant equal to (since the driver f 1 does not depend on the solution), we get 

||y|g + \\Zfp + \\k\\lp < rj(T + 2)||A/|g < V (T + 2)2C 2 \\U\\ 2 p + ||V||J + 

where the second inequality follows from the Lipschitz property of / with constant C. Choos- 
ing rj = ( T+ 2)4C2 ; we deduce Z, k)\\^ < ^\\(U, V,7)|||. Hence, $ is a contraction and 
thus admits a unique fixed point (Y, Z, k) in U\ which corresponds to the solution of RB- 
SDE (EEgp . 
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